Abstract. In this short note we provide a relatively simple proof of the Erdős-Hajnal conjecture for families of finite (hyper-)graphs without the korder property. It was originally proved by M. Malliaris and S. Shelah in [3] .
Introduction
By a graph G we mean a pair (V, E), where E is a symmetric subset of V × V . If G is a graph then a clique in G is a set of vertices all pairwise adjacent, and an anti-clique in G is a set of vertices that are all pairwise non-adjacent.
As usual, for a graph H we say that a graph G is H-free if G does not contain an induced subgraph isomorphic to H.
The following is a famous Erdős-Hajnal conjecture.
Conjecture 1.1 (Erdős-Hajnal conjecture [1] ). For every finite graph H there is a constant δ = δ(H) > 0 such that every finite H-free graph G = (V, E) contains either a clique or an anti-clique of size at least |V | δ For m ∈ N let H m be the half-graph on 2k vertices, i.e. H m is a bi-partite graph whose vertex set is a disjoint union of {a 1 , . . . , a m } and {b 1 , . . . , b m } such that a i Eb j holds if and only if i ≤ j.
The following theorem is a corollary to [3, Theorem 3.5].
Theorem 1.2. For every m ∈ N the Erdős-Hajnal conjecture holds for the family of all finite H m -free graphs, i.e. for every m ∈ N there is a constant δ(m) > 0 such that every finite H m -free graph G = (V, E) contains either a clique or an anti-clique of size at least |V | δ(m) .
In this note we provide a short proof of the above theorem (and a version of it for hypergraphs) using pseudo-finite model theory. Remark 1.3. Theorem 3.5 in [3] provides explicit bounds on constants δ(k), unlike our approach.
Preliminaries
In this paper by a pseudo-finite set V we mean an infinite set that is an ultraproduct V = i∈I V i /F of finite sets V i , i ∈ I, with respect to a non-principal ultrafilter F on I. The second author was partially supported by NSF.
Working in "set theory", for a pseudo-finite set V = i∈I V i /F and a subset A ⊆ V k we say that A is definable if A = i∈I A i /F for some A i ⊆ V k i . Let V = i∈I V i /F be pseudo-finite and A ⊆ V a definable non-empty subset. We define the "dimension" δ(A) (δ C0 (A) in the notation of [2] ) to be a number in [0, 1] that is the standard part of log(|A|)/ log(|V |). As an alternative definition, write A as A = i∈I A i /F , where each A i is a non-empty subset of V i . For each
is the unique number l ∈ [0, 1] such that for any ε > 0 in R, the set {i ∈ I : l − ε < l i < l + ε} is in F . We extend δ to the empty set by setting δ(∅) := −∞.
In the following lemma we state some basic properties of δ that we need. Their proofs are not difficult and we refer to [2] for more details.
Theorem 1.2 is implied by the following "non-standard" version (as for a fixed k, an ultraproduct of finite graphs witnessing that no δ(k) as in Theorem 1.2 exists would give a counter-example to Theorem 2.2). Theorem 2.2. Let V be a pseudo-finite set and E ⊆ V × V a definable symmetric subset. Assume that the graph (V, E) is H k -free for some k ∈ N. Then there is definable A ⊆ V such that δ(A) > 0 and either (a, a
We prove this theorem in the next section (and in fact a more general version of it for hypergraphs).
Proof of Theorem 2.2
Let V = i∈I V i /F be a pseudo-finite set, and E = i∈I E i /F a definable symmetric (i.e. closed under permutation of the coordinates) subset of V n . We follow standard model-theoretic notation. For v 1 , . . . , v n−1 ∈ V and a subset X ⊆ V we let E(v 1 , . . . , v n−1 , X) := {x ∈ X : V |= E(v 1 , . . . , v n−1 , x)}. By a partitioned formula we mean a first-order formula φ(x 1 , . . . , x k ; y 1 , . . . , y l ) with two distinguished groups of variablesx andȳ, and it is stable if the bipartite graph
} is H m -free for some m. We will use some basic local stability such as definability of types and Shelah's 2-rank R ∆ (−) (and refer to [4, Chapter II] for details). We say that a definable set X ⊆ V is large if δ(X) > 0, and we say that X is small if δ(X) ≤ 0.
We prove the following proposition, in particular establishing the theorem.
Proposition 3.1. Assume that E(x 1 ; x 2 , . . . , x n ) is stable. Then there is a definable set A ⊆ V such that δ(A) > 0 and either (a 1 , . . . , a n ) ∈ E for all pairwise distinct a 1 , . . . , a n ∈ A or (a 1 , . . . , a n ) / ∈ E for all pairwise distinct a 1 , . . . , a n ∈ A Using the assumption on stability and symmetry of E and basic properties of stable formulas (closure under boolean operations and the fact that for every stable φ(x;ȳ), all φ-types over models are defined by boolean combinations of instances of ψ(ȳ;x) := φ(x,ȳ)) we can choose a finite set of partitioned formulas ∆ such that: (1) E(x 1 , x 2 , . . . , x n ) ∈ ∆, (2) ∆ is closed under negation and permutation of variables, (3) if φ(x 1 , . . . , x s ) ∈ ∆ then φ(x 1 ; x 2 . . . , x s ) is stable, (4) if φ(x,ȳ) ∈ ∆, then every φ-type in x over V is defined by an instance of some formula in ∆. As every formula in ∆ is stable, R ∆ (x = x) is finite. Let S ⊆ V be a large definable subset of the smallest R ∆ -rank. By Lemma 2.1(2), S can not be covered by finitely many definable sets of smaller R ∆ -rank, hence by compactness there is a complete ∆-type p over V be such that R ∆ ({S}∪p) = R ∆ (S). As p is definable, say using parameters from some countable V 0 ⊆ V , for every k ∈ N we have a complete well-defined ∆-type
, then there is a large definable A ⊆ S such that |= r(a 1 , . . . , a k ) holds for any pairwise distinct a 1 , . . . , a k from A.
Proof. We prove the claim by induction on k.
If k = 1 we take A = r(S).
Assume k > 1.
By the choice of ∆ there is some ψ(x 1 , . . . , x k−1 ) ∈ ∆ such that p| r(x1,...,
. By the inductive assumption, there is some large definable B ⊆ S such that V |= ψ(b 1 , . . . , b k−1 ) holds for all pairwise distinct b 1 , . . . , b k−1 ∈ B. As B is definable, there are some B i ⊆ S i such that B = i∈I B i /F . For each i, let A i ⊆ B i be maximal (under inclusion) such that r i (a 1 , . . . , a k ) holds for all pairwise distinct a 1 , . . . , a k ∈ A i , and let A := i∈I A i /F . We have:
(iii) For any b ∈ B \ A there are some pairwise distinct a 1 , . . . , a k−1 in A such that V |= r(a 1 , . . . , a k , b). We claim that A is large, so satisfies the conclusion of the claim. In fact, we show that δ(A)
By the choice of p, the R ∆ -rank of r(a 1 , . . . , a k−1 , S) is equal to the R ∆ -rank of S, so the R ∆ -rank of ¬r(a 1 , . . . , a k−1 , S) has to be smaller then the R ∆ -rank of S, which implies that δ(B \ r(a 1 , . . . , a k−1 , B)) = 0 by the choice of S. By the property (iii) above, the set B \ A is covered by the family {B \ r(a 1 , . . . , a k−1 , B) : a 1 , . . . , a k−1 ∈ A, i =j a i = a j }.
Then by Lemma 2.1(3), δ(B \ A) ≤ (k − 1)δ(A) + 0 ≤ (k − 1)α 1 which implies by Lemma 2.1(2) that δ(B) ≤ (k − 1)α 1 < α -a contradiction.
Finally, as both E(x 1 , . . . , x n ) and ¬E(x 1 , . . . , x n ) are in ∆ and either p (n) ⊢ E(x 1 , . . . , x n ) or p (n) ⊢ ¬E(x 1 , . . . , x n ), the proposition follows.
